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The observed 97.7% optial transpareny of graphene has been linked to the value 1/137 of the
ne struture onstant, by using results for noninterating Dira fermions. The agreement in three
signiant gures requires an explanation for the apparent unimportane of the Coulomb interation.
Using arguments based on Ward identities, the leading orretions to the optial ondutivity due
to the Coulomb interations are orretly omputed (resolving a theoretial dispute) and shown to
amount to only 1-2%, orresponding to 0.03-0.04% in the transpareny.
The optial transpareny of graphene is determined by
its optial ondutivity σ (ω) and c, the speed of light1:
t (ω) = (1 + 2piσ (ω) /c)
−2
. (1)
Reent experiments
2
on suspended graphene found
t (ω) ≃ 0.977, independent of ω, in the visual regime
(450nm < λ < 750nm). This observation (see also
Refs. 3,4,5) an be elegantly rationalized in terms of
non-interating Dira partiles with optial ondutiv-
ity
6 σ(0) (kBT ≪ ω ≪ D) =
pi
2 e
2/h . Here D is the upper
ut o energy for the linear dispersion, of order of sev-
eral eletron volts and T is the temperature. Assuming
σ = σ(0) yields t (ω) ≃ 0.9774629(2), in exellent agree-
ment with experiment. Thus, the optial transpareny
of non-interating graphene t (ω) = (1 + piαQED/2)
−2
is
solely determined by the value of the ne struture on-
stant of quantum eletrodynamis: αQED = e
2/ (~c) ≃
1/137.035999(6). Despite the beauty of this reason-
ing, a natural question emerges: Why an one ignore
the eletron-eletron Coulomb interation? After all
the Coulomb interation in graphene is poorly sreened
and its strength is governed by its own, eetive ne
struture onstant α = e2/ (~v) ≃ 2.2 that is signi-
antly larger than αQED beause of the smaller veloity
7
v ≃ 106m/s. The quantitative agreement between ex-
periment and a non-interating theory learly requires a
quantitative analysis of the size of interation orretions
to the optial ondutivity and transpareny of graphene.
In this Brief Report we determine the leading intera-
tion orretions to the optial transpareny and demon-
strate that they amount to only 0.037% in the visual
regime. This surprisingly small orretion is the onse-
quene of i) a perfet anellation of the divergent (i.e.
proportional to lnD/|ω|) parts of Feynman diagrams
that ontribute to the ondutivity and ii) a near anel-
lation of the non-divergent ontributions. While the rst
result has been stated earlier by us
8
as well as in Ref. 9,
the latter eet has been a subjet of a dispute
9,10,11
.
Below we resolve this dispute and demonstrate that the
leading perturbative orretion to the ondutivity was
orretly analyzed by Mishhenko in Ref. 10. We show
that perturbative orretions to the ondutivity must be
obtained by guaranteeing that momentum utos, used
to regularize divergenes, are introdued in a fashion that
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Figure 1: (Color Online) Optial transpareny, Eq. (1), of
graphene, from Ref. 2 (points) along with theoretial urves
for the ase of interating graphene within the present the-
ory, Eq. (9) with C1 ≃ 0.01 (solid red line), aording to the
theory of Ref. 9 (C1 ≃ 0.51; dot-dashed green line), and for
noninterating Dira fermions (dashed blue line).
respets Ward identities and thus guarantees harge on-
servation.
The low energy Hamiltonian for eletrons in
graphene
12
is obtained by expanding to leading order in
gradients near the nodes of the tight-binding dispersion,
yielding the following nodal-fermion Hamiltonian:
H=v
∑
k,i
ψ†i (k)k ·σψi (k) +
e2
2
∫
d2rd2r′
ρ(r)ρ(r′)
|r− r′|
. (2)
Here i = 1 · · ·N , with N = 4 ounting the two spin in-
dies and two independent nodes in the Brillouin zone, σµ
are the Pauli matries, and we have set ~ = 1. It is simple
to show that the harge density ρ (r) =
∑N
i=1 ψ
†
i (r)ψi (r)
and urrent density j (r) =v
∑N
i=1 ψ
†
i (r)σψi (r) are re-
lated by the ontinuity equation:
∂ρ
∂t
+∇ · j = 0. (3)
The optial ondutivity is related by the Kubo formula
to the retarded urrent-urrent orrelation funtion:
σ(ω) =
e2
2ω
Im
[
fRxx(q = 0, ω) + f
R
yy(q = 0, ω)
]
. (4)
2Here, fRµν(q, ω) is the retarded orrelation funtion
determined from the Matsubara funtion fµν(Q) =
〈jµ (Q) jν (−Q)〉 by analytially ontinuing iΩ→ ω+i0
+
.
We use the onventionQ = (−iΩ,q) and orrespondingly
write j0 (Q) = ρ (Q) for the harge density.
The theory for the optial ondutivity in graphene
with eletron-eletron Coulomb interation was devel-
oped in Refs. 8,9. Using renormalization group (RG) ar-
guments it holds that the eetive ne-struture onstant
of graphene, α, beomes a running oupling onstant α (l)
where l is the ow variable of the RG approah. In the
ase of graphene α (l) dereases logarithmially as one
lowers the typial energy sale
8,9,13,14,15,16,17
. The opti-
al ondutivity σ (ω, T, α) at frequeny ω, temperature
T and for the physial oupling onstant α is related to its
value at a resaled frequeny ωR (l) = Z (l)
−1
ω, resaled
temperature TR (l) = Z (l)
−1 T as well as the running
oupling onstant via
σ (ω, T, α) = σ (ωR (l) , TR (l) , α (l)) . (5)
The saling fator up to one loop is given by Z (l) =
e−l
(
1 + α4 l
)
. Equation (5) implies that the ondutiv-
ity is sale invariant under the RG ow. This result is
true to arbitrary order in perturbation theory as an be
shown following arguments by Gross
18
. It is physially
due to the fat that the eletron harge is onserved
19
.
The saling funtions ωR (l) and TR (l) grow under renor-
malization while α (l) dereases8,19. Thus, in the relevant
ollisionless regime ω ≫ T is it suient to analyze the
high frequeny (ωR (l) ≃ D), weak oupling limit where
σ (D, 0, α) = σ(0)
[
1 + C1α+ C2α
2 + · · ·
]
. (6)
Here, the numerial oeients Ci are determined by per-
forming an expliit perturbation theory. The saling law
Eq. (5) yields the ondutivity as a funtion of frequeny
where we replae α by the running oupling onstant
α→ α (ω) = α/
(
1 +
α
4
log (D/ω)
)
, (7)
here obtained to leading logarithmi
auray
8,9,13,14,15,16,17
. The result is that intera-
tions only give rise to additive orretions to σ(0) that
are of the form
σ (ω) = σ(0)
[
1 + C1α (ω) + C2α
2 (ω) + · · ·
]
. (8)
Note, this behavior is orret in the ollisionless regime
ω ≫ kBT . Qualitatively dierent behavior ours in the
opposite, hydrodynami regime
17 ω ≪ kBT .
Sine α (ω → 0) = 0, it follows from Eq. (8) that
σ (ω → 0) → σ(0). However, α (ω) only vanishes as
4/ log (D/ω) and orretions ould easily be signiant
in the visible part of the spetrum where ω and D are
omparable. The dominant orretion is due to the C1α
term and will be analyzed in this Brief Report. Com-
bining Eqs. (7) and (8), and negleting the higher-order
terms, we have
σ (ω) = σ(0)
[
1 +
C1α
1 + 14α log (D/ω)
]
. (9)
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Figure 2: Feynman diagrams for the leading order ontribu-
tions to fµν(Q) and σ(ω). Diagram A is the O(α
0) ontribu-
tion, while diagrams B, C, D are O(α). Full lines represent
fermions and dashed lines represent the Coulomb interation.
Calulations of C1 were presented in Refs. 9 and 10, how-
ever with dierent results. While the authors of Ref. 9
obtained C1 = (25− 6pi) /12 ≃ 0.513, Mishhenko
10
ob-
tained a signiantly smaller value C1 = (19− 6pi) /12 ≃
0.0125 , whih was however disputed in Ref. 11. Deter-
mining the orret value of C1 is important for two rea-
sons. First, there is no obvious mistake in either Ref. 9
or Ref.10. It is learly important from a purely theoret-
ial point of view to settle this issue and set the riteria
for orret alulations of interation eets in graphene.
Seond, as we disuss in more detail below and illustrate
in Fig. 1, the oeient determined in Ref. 9 is not on-
sistent with experiment, impling that qualitatively new
phenomena or even higher order orretions would have
to be invoked to understand the observations of Ref. 2.
We now obtain σ(ω) by alulating the orrelation
funtion fµν(Q) whih, as follows from Eq. (3), satises
Qµfµν (Q) = 0, (10)
with the repeated index summed over µ = 0, x, y. When
alulating fµν(Q), the leading ontributions to whih
are shown in Fig. 2, we must ensure that Eq. (10) is
satised at eah order in α.
The zeroth-order ontribution, Fig. 2A, orresponds to
the urrent-urrent orrelation funtion f
(0)
µν (Q) of non-
interating Dira partiles and yields
16
f (0)µν (Q) =
N
16 |Q|
(
Q2δµν −QµQν
)
, (11)
whih obeys Eq. (10). Performing the analyti ontinua-
tion and inserting the result into the Kubo formula yields,
after restoring proper units, σ(0) = pie
2
2h for N = 4. This
leads to the 97.7% optial transmission disussed above.
Next we analyze the three leading orretions to σ(0)
as shown in Fig. 2B-D. The diagrams in Fig. 2B and C
yield the same ontribution with interations entering via
3self energy insertions with the leading self energy
Σ(p) = −e2
∫
P ′
V (p− p′)G(P ′), (12)
where
∫
P ′
... = T
∑
ω′
∫
p′
d2p′
(2pi)2 ... and V (p) =
2pi
|p| is the
Fourier-transformed Coulomb interation. The fermion
propagator is given by
G (P ) =
−iωσ0 − vp · σ
ω2 + v2p2
. (13)
The self energy, Eq. (12), diverges logarithmially and
must be regularized, for example by introduing an upper
momentum ut o Λ ≃ D/v. We will show that the
disrepany between previous alulations of σ(ω) an be
traed to the fat that, in Eq. (12), there are two obvious
ways to introdue the ultraviolet (UV) ut-o Λ.
Thus, upon evaluating the frequeny summation and
momentum integrals, we obtain
Σ(p) =
1
4
αvp · σ ln
[
4Λc
p
]
, (14)
where the number c depends on the uto proedure,
with c = e−1/2 if we evaluate the momentum integral us-
ing the uto |p′| < Λ, i.e. by onning fermion states
to a irle near the node. (Note we always disard on-
tributions that vanish for Λ/p → ∞). On the other
hand, if we evaluate the momentum integral by restrit-
ing |p − p′| < Λ, i.e. by having a nite Coulomb inter-
ation at short distanes (see also Ref. 11), we nd that
c = e1/2. This orresponds to replaing the Coulomb
potential via V (p) → VΛ(p) = 2piθ(Λ − |p|)/|p|. We
emphasize that the log-divergent ontribution to Σ(p)
is independent of the regularization proedure, with the
dierene being in the subleading ontributions.
As we will show, the two dierent values that have been
determined for C1 in Refs. 9 and 10, respetively, are di-
retly related to the two dierent values for c in the self
energy as it enters in the diagrams of Fig. 2B and C.
The diagram Fig. 2D is unaeted by the regularization
proedure. Whih result for c, i.e. whih regularization
proedure, is orret? The answer omes from the Ward
identity, whih, as we show next, is only satised if we
implement the momentum uto by restriting the mo-
menta in the Coulomb potential to |p−p′| < Λ, implying
that Mishhenko's result
10
is orret.
To demonstrate that the proper ut o proedure is
to restrit |p − p′| < Λ in the Coulomb potential, we
analyze the leading interation orretions (Fig. 2B,C,
and D), whih we all f
(1)
µν (Q). These satisfy:
Qµf
(1)
µν (Q) = Nα
∫
P
∫
P ′
VΛ(p− p
′) (15)
×Tr {G(P ′ +Q)G(P +Q)G(P ′ +Q)σν
−G(P ′)σνG(P
′)G(P )} .
This result was obtained from the three diagrams
Fig. 2B-D by simply using the identity
G(P )(iΩσ0 −q · σ)G(P +Q) = G(P )−G(P +Q), (16)
and the yli property of the trae. At this point, the
UV uto only enters via VΛ(p), so that we an shift
P → P −Q and P ′ → P ′−Q in the rst term, again use
the yli property of the trae, and obtain
Qµf
(1)
µν (Q) = 0, (17)
the required result. Note that other regulation shemes
for the UV behavior will not neessarily work in this
way. In partiular, regulating the momenta by restrit-
ing the Green-funtion momentum arguments amounts
to replaing G(P ) → G(P )Θ(Λ − |p|); with suh a re-
plaement, Eq. (16) and thus Eq. (15) will not be valid.
We onlude, then, that in graphene momenta must be
regularized using VΛ(p).
The same onlusion an be arrived at by onsidering
the leading orretions to the urrent vertex
Λµ(P,Q) = −α
∫
K
G(K)σµG(K +Q)VΛ(k − p). (18)
Again using Eq. (16), we obtain
QµΛµ = −α
∫
K
(G(K +Q)−G (K))VΛ(k− p),
= Σ(P +Q)− Σ(P ), (19)
whih is the orret Ward identity. One again, alter-
nate shemes for utting o the momentum integrals are
not guaranteed to yield a proper Ward identity of this
form. Our nding that a regularization in terms of a hard
fermion ut-o violates harge onservation is analogous
to the observation in QED that inorret regularization
shemes yield unphysial results suh as a photon mass
20
.
Our nal tasks are to evaluate the ontributions to
the urrent-urrent orrelation funtion and to determine
the ondutivity using the Kubo formula Eq. (4). We
rst onsider the diagrams B and C, whih are idential.
Reognizing the self-energy insertion, we have (with an
overall 2 for the two diagrams):
f (1)µν |BC=−2N
∫
P
Tr[G(P )σµG(P +Q)σνG(P )Σ(p)]. (20)
Evaluating the trae, and performing the frequeny inte-
gral and analytial ontinuation yields
Imf (1)Rµµ (q = 0, ω)|BC = −
Nαω
16
ln
8vΛce−1/2
ω
, (21)
where the repeated µ index refers to the sum over the xx
and yy omponents as in Eq. (4). Analyzing the diagram
D of Fig. 2, whih an be written as
f (1)µν |D = −N
∫
P
Tr[G(P )Λµ(P,Q)G(P +Q)σν ], (22)
it turns out that the result does not depend on the details
of the regularization proedure and yields
Imf (1)Rµµ (q = 0, ω)|D =
Nαω
16
(
ln
8vΛ
ω
+
19− 6pi
6
)
. (23)
4By examining Eqs. (21) and (23), it is lear that the de-
pendene on the high energy sale Λ vanishes, in agree-
ment with general saling arguments
8,9
. Plugging these
results into Eq. (4) yields Eq. (9) with oeient
C1 =
19− 6pi
12
−
1
2
ln ce−1/2. (24)
We indeed see that the orret ut-o proedure, with
c = e1/2, yields C1 =
19−6pi
12 , whereas the other uto pro-
edure, orresponding to c = e−1/2, yields9 C1 =
25−6pi
12 .
We have veried
19
that the same result holds within al-
ternate regularization proedures that do not use sharp
utos, as long as the Ward identity is satised. For
example, replaing the Coulomb interation V (r) →
Vη(r) =
e2r−η
0
r1−η with r0 a length sale and η > 0 (putting
the physial system, at d = 2, slightly below its own up-
per ritial dimension) regulates all integrals in a way
onsistent with Eq. (17). We obtain (for η → 0)
Imf (1)Rµµ |BC = −
Nαω
16
(
1
η
+ ln
4v
ωr0
− γE
)
, (25)
Imf (1)Rµµ |D =
Nαω
16
(
1
η
+ ln
4v
ωr0
− γE +
19− 6pi
6
)
,
with γE the Euler onstant. One again, while the sepa-
rate ontributions diverge with η → 0, their sum is on-
vergent and yields the oeient C1 =
19−6pi
12 .
As we have disussed, Eq. (9) implies that the orre-
tion to σ(0) is small at low photon energies ω ≪ D regard-
less of the value of C1. However, at larger (i.e., optial
2,5
)
frequenies, the seond term may beome signiant, de-
pending on the value of the number C1. Nair et al.
2
nd
the ondutivity to be σ/σ(0) = (1.01 ± 0.04). If we
take the value C1 ≃ 0.513 from Ref. 9, however, Eq. (8)
predits a large frequeny-dependent orretion to the
ondutivity that is not onsistent with these error bars,
giving, for example at photon wavelength λ = 600nm (or
~ω = 2.07eV), σ/σ(0) ≃ 1.667, assuming the bandwidth
D = 7.24eV. In ontrast, using C1 = 0.0125 of Ref. 10,
yields for the same parameters, σ/σ(0) ≃ 1.016, onsis-
tent with the error bars of Nair et al.
2
. In Fig. 1 we
show the optial transpareny that result from both val-
ues for C1 (using bandwidth D = 7.24eV), along with the
free-Dira fermion result as funtion of wavelength λ in
omparison with experiment.
Given the smallness of interation orretions, with
σ/σ(0) ≃ 1.016 for the orret value of C1 (a orretion
omparable to orretions due to the true tight-binding
band struture), it is unlikely that optial measurements
will reveal interation eets. Eletron-eletron intera-
tions are muh more visible in the enhaned diamagneti
response
8
or the hydrodynami transport
17
.
In summary, we determined the leading orretions to
the optial ondutivity and transpareny of graphene
and nd that they are very small and determined by
the ne struture onstant αQED up to orretions of or-
der 1-2% in the ondutivity and 0.03 − 0.04% in the
transpareny. Corretly regularizing the UV-divergent
ontributions required using Ward identity arguments to
resolve previous disrepanies in reent literature (a on-
troversy that persists
21
). Our work demonstrates that
there are no disrepanies in σ(ω) obtained by dierent
theoretial methods
10
, suh as the Kubo formula, the
density polarization approah or kineti approahes, if
harge onservation is guaranteed at all stages of the al-
ulation. Our methods onrm and, more importantly,
justify the result rst obtained by Mishhenko
10
and pro-
vide a general presription for alulating interation or-
retions in graphene.
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